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Group — A
Answer any five questions of the following : [5 x 5]
H||K
1. LetH and K be finite subgroups of a group G. Then show that |HK| = ||H y) K||

2. Prove that a finite group G is a cyclic group iff there exists an element a € G such that o(a) = |G|

3. Prove that a group G cannot be the union of two proper subgroups of G.

4. Show that the number of even permutations in S ,(n>2) is the same as that of the odd

permutations.

5. Leta, b be fixed positive integers and H = {ax+by: X,y € Z} . Show that H is a cyclic group.

6. Show that for any finite set A, if f:A— A is injective, then f" s injective for all integers

n(>1) and also show that f is surjective.

7. a) A relation R on the set of non-zero complex numbers is defined by xRy iff X2V s real.
X+Yy
Show that R is not an equivalence relation [4]
b) Give an example of a relation which is both symmetric and anti-symmetric. [1]

8. a) Prove that the semigroup (G,o) iS a non-commutative group  where
G={(a,b)eQxQ:a=0} and the composition ‘o is defined by (a,b)(c,d)=(ac,ad +b)

for (a,b),(c,d) in G [Q in the set of rational numbers]. [3]

b) Let G be an abelian group. Prove that the subset H :{g eG:g’=¢e (idenity element)}

forms a subgroup of G. [2]

(1]



Group—-B

Answer any five questions of the following :

9.

10.

11.

12.

13.

14.

15.

16.

If X,y eR withy >0, then prove that In € N such that ny > x. Hence deduce that Yxe R dneN

such that n > x.

a) Prove that sup{r eQ:r< b} =b for each b e R where Q is the set of all rational numbers.

b) If A be a nonempty bounded subset of R then show that A'((b,0) =& where b=sup A and

A’ is the derived set of A.
Prove that interior of any set in R is an open set.

a) Let G< R be an open set and F — R be a closed set. Prove that G—F is an open set and

F —G is a closed set.

b) Prove or disprove: ‘Arbitrary intersection of open subsets of R is open’’.

Let [a,,b,] be a closed and bounded interval in R VneN. Let [a,,.b,,,]=[a,.b,]vneN and

n’=n n’™=n

8,=b,—a, >0 as n—co.Provethat ()[a,,b,] is asingleton setin R .
=1

a) If forasequence {x,} of real numbers, limx,,_, =limx,,_, =limx, =1(eR) then prove that
n—oo n—oo n—o0
{x,} is convergent.

b) Give an example of a sequence of real numbers with exactly three limit points. Justify your

answer.

Let f:Q—>Rbe a function such that f(x+y)=f(X)+f(y); x,yeQ. Then show that

f(x)=ax where a= f(1).

Let ScR and f:S—>R, g:S—R be two functions. Let ‘a’ be a limit point of S and g is

bounded in some Nj(a)NS and lim f(x) =0. Then prove that lim(f-g)(x)=0.
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